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We study electronic transport across a helical edge state exposed to a uniform magnetic ( ~B) field
over a finite length. We show that this system exhibits Fabry-Pe´rot type resonances in electronic
transport. The intrinsic spin anisotropy of the helical edge states allows us to tune these resonances
by changing the direction of the ~B field while keeping its magnitude constant. This is in sharp
contrast to the case of non-helical one dimensional electron gases with a parabolic dispersion, where
similar resonances do appear in individual spin channels (↑ and ↓) separately which, however, cannot
be tuned by merely changing the direction of the ~B field. These resonances provide a unique way
to probe the helical nature of the theory.
PACS numbers: 73.23.-b, 73.63.Nm, 71.10.Pm
Introduction :- Edge states of a new class of insulators
called topological insulators form an interesting class of
1-D systems called helical edge states (HES)[1]. The cen-
tral feature of these edge states is the fact that the direc-
tion of propagation of the quasi-particles is directly corre-
lated with their spin projection, i.e., counter-propagating
particles have opposite spin projections. Various aspects
of this state have been studied[2]. Experimental evidence
has been found for the existence of these edge states in a
multi-terminal Hall bar setup[3].
The fact that the spin of the electrons can be con-
trolled and manipulated by manipulating its momentum
due to spin-momentum locking has generated great in-
terest in the possible application of HES to the field of
spintronics[4]. Besides electrical control, it is interesting
to study the possibility of controlling the spin of elec-
trons on such edge states using magnetic fields. This
could be of great interest from the point of view of ap-
plication to spintronics devices. Since spin rotation sym-
metry is strongly broken in such edge states, a strong
anisotropic response to an applied magnetic field is ex-
pected, which, in turn could be exploited for various ap-
plications. Hence one of the more intriguing features of
the HES as opposed to the usual one dimensional elec-
tron gas with parabolic dispersion lies in its response to
magnetic fields. Naively, the introduction of a magnetic
field breaks the time-reversal symmetry which is central
to the topological stability of the quantum Hall insula-
tors which hosts these HES on its boundary. However,
it is still of interest to study the response of the HES
to small magnetic fields which do not significantly dis-
turb the bulk stability of the topological insulators but
do influence the edge states in a nontrivial way.
From the viewpoint of device-applications, the study of
tunneling across barriers or back scattering from tunnel
barriers implanted on the edge states is of central inter-
est as they can act as experimentally tunable quantum
resistors which are essential elements of any quantum
circuitry. A simple way to produce controlled backscat-
tering in mesoscopic devices is to apply local gate volt-
ages. But for HES such techniques are not effective be-
cause all electrical barriers are rendered transparent due
to Klein tunneling of massless Dirac electrons. Further,
protection of HES against inelastic backscattering due
to electron-phonon coupling has also been reported [5].
Hence, an alternate way is needed to produce back-
scattering, and therefore, magnetic barriers which do give
rise to back-scattering are of vital importance in the con-
text of HES. One of the more interesting aspects which
has not yet been explored in this context is the fact that
the effective size of the barrier depends also on the di-
rection of the applied ~B-field and not just its magnitude.
Transmission through magnetic barriers has been studied
in the case of chiral modes in carbon nanotubes [6] and
surface states of 3-D topological insulators [7]; however,
a similar study for HES is lacking and such a study is
the central focus of this letter. Also, recently there have
been theoretical studies involving spin-polarised STM as
a direct probe for testing the theoretical prediction of the
helical nature of the surface states, both in the context
of 2-D and 3-D topological insulators [8]. Experimen-
tally, only very recently[9] the spin polarization at the
edge was studied purely by electrical means; hence such
proposals are of crucial importance. This letter provides
yet another way to probe the helical nature of HES via
the study of spin anisotropy driven Fabry-Pe´rot type res-
onances.
In this letter, we study the effect of a magnetic field
patch on edge-state transport. We find that any ~B-field
with a non-zero component in the plane perpendicular
to the spin quantization axis of left and right moving
states opens up a gap in the spectrum. Further, the spin
of the left and right moving states gets twisted. In other
words, even in the presence of the ~B-field, the direction of
motion remains tied with its spin; however, unlike in free
HES, the counter-propagating states no longer have spins
anti-parallel to each other. We show that these states
in the ~B-field patch induce Fabry-Pe´rot type resonances
in transport across the patch which are tunable purely
by tuning the direction of the ~B-field. The resonances,
hence, provide a direct way to quantify the degree of spin
2anisotropy in these systems.
The model :- We consider a situation where an infinitely
extended helical edge state is exposed to a uniform ~B-
field over a finite length L. As long as the edge is smooth,
the free edge can be described by a Hamiltonian given
below [1]
H0 = −i~vF
∫
dx ψ†(x)σ
Z
∂xψ(x) , (1)
where ψ = [ψR↑ ψL↓]
T and the R/L index corresponds
to right and left movers. Note that here we have used x
to parametrize the coordinate along the 1-D edge state.
X,Y, Z are chosen to describe the spin in such a way
that Z points along the spin quantization axis of right-
moving eigenstates in absence of ~B field. We choose X
to be along the component of applied ~B in the plane
perpendicular to Z. Since the spin and the direction of
0
x L
2−
L
2
ZˆXˆ ~B = BXXˆ +BZZˆ
FIG. 1. Schematic of the model. Shaded region |x| < L/2
is the region of constant magnetic field ~B. Spin orientations
of the left (right)-moving modes are tilted by BX in clock
(anti-clock)-wise direction by the same angle.
propagation are correlated in a HES, we will henceforth
drop the L/R -indices in ψL/R σ. We now introduce a
uniform magnetic field in the region |x| < L/2 (sketched
in Fig. 1). The Zeeman coupling of the magnetic field to
the intrinsic spin of the electrons can be modeled by
HB = gµB
∫
dx ∆L(x)~S(x) · ~B , (2)
where ∆L(x) = [Θ(x + L/2) − Θ(x − L/2)], ~S(x) =
1/2(ψ†(x)~σ ψ(x)) is the spin operator, g is the g-factor
of the electron and µB is the Bohr magneton. The cor-
responding Heisenberg equations of motion for the fields
ψ(x, t) is given by
i~∂tψ = [−i~vFσZ∂x +
g
2
µB∆L(x)~σ · ~B]ψ (3)
By rescaling the energy E → E/W , and by defining the
dimensionless variables x → x¯ = xW/~vF , B → B¯ =
µBB/W and k → k¯ = ~vF k/W , where W is the bulk
gap, we can rewrite this equation in terms of dimension-
less variables as
E¯ψ = [−iσ
Z
∂x¯ +
g
2
∆L(x¯)~σ ·
~¯B]ψ. (4)
We will henceforth drop the bar’s.
Magnetic field twists helicity :- The Hamiltonian given
in Eq. (1) describing free edge state electrons is time-
reversal-symmetric. But the Zeeman-coupling term HB
−0.4 −0.2 0 0.2 0.4
−0.5
−0.3
−0.1
0.1
0.3
0.5
k
E
bZ
b
2bX
FIG. 2. Blue (dark-
solid) and green (light-
solid) curves stand for
schematic dispersions
when the ~B-field is at
angles φ = π/4 and
φ = 0 with the positive
Z-axis respectively.
b = |~b| = 0.1 in both
cases. Red (dashed)
curve corresponds to
the zero field case.
in Eq. (2) breaks time-reversal symmetry and opens up
a gap in the spectrum. This happens in the region where
the magnetic field is nonzero, i.e., |x| < L/2. In regions
of zero magnetic field we know that up-spin (pointing
along +Z direction) moves right and down-spin (pointing
along −Z direction) moves left. But in the region with
non-zero magnetic field, this is no longer true. However,
as we shall see, the direction of motion is still correlated
with the spin orientation for propagating states above
and below the gap. To look for the eigenstates of the
Hamiltonian H0 +HB in the region |x| < L/2, we start
with a plane wave solution ψke
i(kx−ωt) where ψk is the
Fourier transform of the spinor field ψ(x). Substituting
the above form into Eq. (3), we find the dispersion re-
lation to be- E = ±
√
k˜2 + b2X , where bX = gBX/2,
b
Z
= gB
Z
/2 and k˜ = k + b
Z
. Thus, the spectrum is
gapped for nonzero BX with a gap given by bX and the
spectrum breaks into two bands.
The magnetic field ~B can be in general at an angle φ
with Z-axis i.e., ~b = b(sinφXˆ + cosφZˆ). The dispersion
relation for the three different cases corresponding to ~b =
0 and directions φ = 0 and φ = π/4 with non-zero b, is
shown in Fig. 2. Note that in the presence of a finite
~B field, the zero momentum state, i.e., k = 0 states are
split exactly by 2bX as expected for spin half particles
with zero momentum.
At a given energy E the there are two eigenstates -
right- and left-moving ψE,R/L with momentum k = kR
and k = −kL respectively given by -
ψE,R =
1
N
[
E + k˜0 bX
]T
; ψE,L = σXψE,R
and kR/L = [∓bZ + sign(E)
√
E2 − b2
X
], (5)
where N is the normalization and k˜0 = (kR+kL)/2. Un-
like the free HES, here each state ψE has its spin point-
ing in a distinct direction and the left and right moving
modes are no longer anti-parallel. At a given energy E
(not in the gap i.e., |E| < |b
X
|), we find the spin ori-
entation ~SP = 〈 ψP | ~S |ψP 〉 for the right/left movers
(P = R/L) where ~S = ~σ/2 is the spin operator, to be
given by SR/L = (bX , 0,±k˜0)/2E. When |E| ≫ |bX |,
the spin for the R/L movers point along the Z/ − Z di-
3rection as expected. Also, note that the states at the
bottom of upper band and top of lower band are located
at k = −b
Z
which implies that k˜0 = 0 ; here, the respec-
tive spins point parallel and anti-parallel to the X-axis.
For this value of the momentum, the momentum depen-
dent pseudo-magnetic field acting on the electron due to
the helical nature of the free Hamiltonian is fully can-
celed by the Z component of the applied magnetic field;
hence it leaves behind a net ~B-field pointing along the
X direction [10]. On a more general note, in a given
band, if we look at left-moving and right-moving modes
with the same energy, the magnetic field component B
X
twists them by the same angle, but in opposite directions
as sketched in Fig. 1.
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FIG. 3. Main figure: Differential conductance G vs angle φ
for different ξ/L . Inset(a): G vs φ for two different lengths
of the patch with ξ = 0. Inset(b): Illustration of how b = |~b|
changes across the patch for a fixed φ. Parameters- b0 =
max.{|~b|} = 0.25 and Ei = 0.2 are the same in all the plots.
Transmission through the magnetic patch :- Let us con-
sider the case where an electron is incident on the ~B-field
patch from the left with an energy Ei and momentum
ki = Ei. Then the corresponding left and right moving
momentum eigenstates that the incident particle excites
in the patch region can be read off from Eq. (5) with
E = Ei. The scattering states in different regions are
given by
ψ =


| ↑ 〉 eikix + rki | ↓ 〉 e
−ikix for x < −L/2,
AR ψEi R e
ikRx +AL ψEi L e
−ikLx for |x| < L/2,
tki e
ikix| ↑ 〉 for x > L/2,
(6)
where | ↑ 〉 and | ↓ 〉 are eigenstates of σ
Z
, r and t are
the reflection and the transmission amplitudes and AL
and AR are the amplitudes corresponding to the left and
right moving eigenstates in the ~B-field patch. Using ap-
propriate boundary conditions, one gets the following ex-
pression for transmission amplitude-
tki =
k˜e−i(ki+bZ )L
k˜ cos[k˜L]− iki sin[k˜L]
. (7)
Note that the resonance corresponds to (kR+kL)L = 2nπ
which is the total phase picked up by the electron in one
round trip journey across the ~B field patch, i.e., very
similar to the double barrier resonance. The crucial dif-
ference between the two emerges when we look at the
dynamics of the spin in the ~B-field patch. This will be
addressed below. The most interesting point to note here
is the fact that the resonance condition does not depend
on | ~B| but only on B
X
. Hence the resonances can be
tuned simply by rotating the ~B-field away or toward the
Z-axis without changing its magnitude. This observation
is the central message of this letter. A plot of the trans-
mission probability at fixed ki, which is the differential
conductance in units of e2/h evaluated at fixed bias, cor-
responding to an electron incident with energy Ei from
the left reservoir while the right reservoir is held at zero
potential, is shown as a function of φ in Fig. 3-inset-a.
Here φ is the angle the ~B-field makes with the Z-axis
in the X − Z plane. As we can see from Fig. 3-inset-a
the conductance shows sharp resonances as we vary φ for
L = 100. Note that the resonances get sharper as b
X
approaches Ei from bX = 0, and beyond Ei, transport
is subgapped. On the other hand note that for a short
~B-field patch, (L = 10 in Fig. 3-inset-a), the transport
is non-resonant, but the differential conductance can be
as large as 0.1 e2/h in the subgapped regime (φ > 0.3π).
Further, we have studied these resonances for a more re-
alistic ~B-field patch wherein magnetic field changes from
zero to maximum smoothly over a length-scale ξ as il-
lustrated in Fig. 3-inset-b. We see from Fig. 3 that the
visibility of the resonances is affected by increasing ξ.
However, even the least visible first resonance (around
φ = 0.18π), which is most affected by increasing ξ is still
visible for ξ in the range (0, 0.25).
Spin orientation in the magnetic patch :- In the pres-
ence of a magnetic field, the kinetic energy term competes
with the Zeeman term and as a result, the left and right
movers point in different directions. (see Eq. (5)). Hence
when an electron is incident from the left on the ~B-field
patch, its spin is expected to precess as it undergoes mul-
tiple reflections inside the magnetic field patch due to the
mismatch of the spin orientation of the incident electron
and the spin orientations of the right and left moving
modes present inside the patch. But at resonance, the
vanishing of the reflection amplitude for the incident elec-
tron exactly amounts to an integer number of complete
spin precessions of the electron wave inside the magnetic
field patch. Thus, at resonance, the incident spin rotates
back to its original orientation at the end of its journey
inside the patch. We will show below that the preces-
sion dynamics in the ~B-field patch is unconventional and
carries nontrivial signatures of the spin anisotropy of the
HES. We first start by computing the spin orientation
at each point x between x = −L/2 and x = L/2 using
the wave-functions given in Eq. (6). Note that since the
wave function in the region of magnetic field is a linear
combination of left-moving and right-moving eigenstates,
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FIG. 4. X and Y components of spin-density at dif-
ferent points in the magnetic-patch for resonant transport
b
X
= 0.1, b
Z
= 0, L = 180, k = 0.0366. The inset shows
S
X
and S
Y
at different values of x, S
Y
= 0 at x =
−L/2,−L/4, 0, L/4, L/2 while S
X
= 0 at x = −L/2, 0, L/2.
the spin at any given x can, in general, point out of the
X−Z plane even though the left and right moving eigen-
states are restricted to theX−Z plane. Hence evaluating
〈 ψ |~σ/2 |ψ 〉 for the ~B-field patch using the wavefunc-
tions given in Eq. (6) corresponding to an electron inci-
dent from the left with momentum ki, we find
〈 ~Ski(x) 〉 =
1
2
1
k˜2 + b2
X
sin2(θ/2)
·
(
b
X
ki[1− cos(θ˜)],−2 k˜ bX sin θ˜, k˜
2
)
, (8)
where θ˜ = (x/L−1/2)θ and θ = 2 k˜ L. It can be seen that
as x is changed from −L/2 to L/2, the S
Z
-component re-
mains unaltered while the S
X
and S
Y
components trace
out the locus of an ellipse.Moreover, the spin density
~Sk(x) at any point x makes a constant angle with the
axis ~nk = (bX , 0, k) · 1/
√
k2 + b2
X
. Hence by analogy to
the case of precession of the spin of a static spin-half par-
ticle in a magnetic field, we see that ~nk defines the direc-
tion of the effective magnetic field around which the spin
density precesses as a function of x as we move along the
~B-field patch. Note that this precession is quite novel in
the sense that the component of the spin vector along the
precession axis ~nk varies as the spin precesses, whereas
the component along the Z-axis is preserved. This is dis-
tinct from the usual case where the component along the
precession axis is preserved. The elliptical shape of the
X−Y projection of the precession is a mere reflection of
the fact that the Z-axis is not the same as the precession
axis. Finally, note that for the resonant case, θ = 2nπ at
x = ±L/2. This implies that θ˜ is also 2nπ, and hence,
~Ski = Zˆ/2 (see Eq. (8)) at both L/2 and −L/2. This
implies that the angle of precession of the electron in the
resonant case is an exact integer multiple of 2π which is
very similar in spirit to the operational principle of the
Datta-Das transistor [11]. Note that even for any finite
transmission ~Ski must always point along Zˆ for x ≥ L/2.
But if there is finite reflection at x = −L/2 then the
spin for x ≤ −L/2 definitely points away from Zˆ as the
reflected wave always populates spin down states due to
the helical nature of the edge states. So it is clear that
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FIG. 5. Illustration of change in visibility of resonances due to
disorder of strength η = 0.03 in the patch. Parameters chosen
are same as that in Fig. 3 except ξ/L = 0.05, l/L = 0.1. The
legend shows (η, xl/L) for different curves.
for finite reflection, the direction of ~Ski at x = −L/2 can
never be the same as that of x = L/2. Thus, the reso-
nance condition is directly coupled to evolution of spin
density along the ~B-field patch. This implies that our
set-up can be regarded as a possible candidate for devis-
ing a spin-transistor.
Conditions for experimental observation:- (i) The ratio
ξ/L has to be small. ξ/L < 0.25 would be a reasonable
limit for a typical case as mentioned earlier. (ii) The
magnetic field that opens up a gap in the spectrum
should not force the edge states to tunnel into the bulk.
This means that the gap opened on the edge by ~B−field
should be less than bulk gap (2|b
X
| < 1) and the en-
ergy of the incident electron should also be within the
bulk gap (|Ei| < 1/2). A limit on the magnetic field
then can be estimated to be 7 Tesla [15]. (iii) Disorder:
The topological protection against back-scattering due
to scalar impurities breaks down in the presence of the
time-reversal breaking magnetic field. Hence one cannot
naively throw away the disorder term. In a good sam-
ple we expect the disorder to be weak, sparsely spaced
and to have a length-scale l ≪ L. Such an impurity can
be modelled by a rectangular potential-barrier/well with
width l and height η. This impurity may be centered
anywhere (|xl| < L/2) in the magnetic field patch. We
have studied the effect of such an impurity with a fixed l
with different disorder-strengths η, positioned across the
patch (|xl| < L/2). We find that as long as |η| ≪ |Ei|
the resonances are not affected. We have given an illus-
trative plot in Fig. 5 of how the resonances are affected
for a value of η/Ei = 0.15 positioned in the patch [16].
Discussion and conclusion:- The most crucial element in-
volved in devising the proposed set up is to realize the
localized ~B-field patch whose direction should be fully
tunable. It should be possible to engineer such a local-
ized ~B-field patch using the proximity effect [13] by de-
positing a layer of magnetic material on top of the edge.
Moreover, by choosing a magnetic material which shows
current induced rotation of magnetization [12], it should
5be possible to rotate the direction of the ~B-field in the
patch. So in conclusion, we have discussed a concrete pro-
posal to probe the degree of spin anisotropy in the HES
via the Fabry-Pe´rot resonances. Note that similar sur-
face states appear in 3-D topological insulators and the
extent to which such states are helical (spin-momentum
locked) is not yet fully understood. Also, these have been
probed not via direct transport experiments but via op-
tics experiments such as spin-resolved ARPES which see
a deviation[14] from the purely theoretical picture of the
2-D helical states. Hence in the context of 2-D topolog-
ical insulators where 1-D HES appear on the boundary,
studying these resonances could lead to crucial informa-
tion and characterization of deviations from the theoret-
ically predicted helical nature, if any. Also as an applica-
tion, our set-up provides a possible design for a resonant
spin transistor.
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